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A previously unreported shock feature associated with the scouring of a horizontal
granular bed by a dam-break wave is discussed. Near the wave centre, the present
study shows, the free surface breaks backward and a hydraulic jump forms. This be-
haviour is described from the standpoint of shallow-water theory, suitably extended
to deal with non-equilibrium sediment transport. The shock formation involves a
particularly strong coupling between flow free-surface evolution and bed morphody-
namics. Support for our conclusions is sought through experimental and numerical
approaches. In order to magnify the observed phenomena, measurements were per-
formed for the case of light bed particles moving in sheet and debris flow modes.
A detailed picture of the transient two-phase flow is presented, based on whole
field acquisition of the grain motions by particle tracking techniques. Corresponding
shallow-water solutions are constructed numerically using a shock capturing scheme.
Finally, an interpretation of the jump formation is proposed based on the theory of
characteristics.

1. Introduction
The sudden collapse of a dam results in a highly unsteady flow. In this paper, we

examine what occurs when such a severe transient develops over a loose granular
bed. The problem considered is two-dimensional in the vertical plane, with an initially
horizontal stream bottom. An idealized dam separates an upstream body of quiescent
water from a downstream region of zero water depth. The water table downstream
does however come up to the channel level, thereby saturating the porous bottom
(figure 1). The bed extending on both sides of the dam is composed of cohesionless
granular material. After the rapid removal of the dam, an intense two-phase flow can
be observed.

Over a rigid horizontal bed that is originally dry below the dam, the two-
dimensional dam-break flow is well known to exhibit a continuous, monotonic de-
crease in free surface from upstream to downstream (Stoker 1948, 1957; Dressler
1952, 1954). In the present work, the significantly different behaviour which arises
over a mobile bed is documented. Sediment particles are swiftly eroded and con-
vected away by the dam-break wave. In turn, the bed evolution induces changes in
the gravity-driven flow. This interaction leads to the formation of a hydraulic jump
near the centre of the dam-break wave. Generation of this secondary shock constitutes
a distinctive feature of the dam-break wave over granular bed.
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The problem is of much practical significance, since a dam-break wave in a natural
valley will erode the river bed and convey downstream the materials of the dam itself
(Takahashi & Nakagawa 1994). As witnessed in the case of the Macchu II dam failure
in India (Havnø 1995), interactions with the bed can also seriously compound flood
damage. The overtopping of a dyke (Visser, Vrijling & Verhagen 1990) or the breach
of a caldera lake (Waythomas et al. 1996) are other instances of catastrophic flooding
where sediment transport plays an important role. In some cases, redistribution of
bed sediment material is the objective pursued in triggering fast water transients.
This was recently illustrated by the large-scale artificial flash floods induced in the
Colorado River downstream of Glen Canyon Dam (US Department of the Interior
1996). A sewer flush flow released to cleanse solid deposits is an example of a smaller
scale, more common application (Capart, Sillen & Zech 1997).

Beyond its importance as a practical problem, the dam-break wave over a granular
bed is interesting as a case study of key processes associated with shallow-water
sediment transport. Non-equilibrium transport is said to occur whenever the solid
load is unable to adapt instantaneously to sharp spatial or temporal variations in
the flow. On the other hand, the possible breaking of the free surface into hydraulic
jumps or bores constitutes a fundamental trait of shallow-water waves. Clearly,
shock singularities create a situation in which sediment transport will deviate from
equilibrium conditions. In return, deformation of the bed is one of the mechanisms
which can lead to the formation of shocks. Thus, the jump which characterizes
the dam-break wave over a granular bed can be related to more general physical
processes. Interaction between non-equilibrium sediment transport and hydrodynamic
shocks is also exhibited, for instance, by the bores of the coastal surf zone, or the
periodic wave breaking which curtails the growth of antidunes.

In order to enhance the effects of the interplay, we investigate the interactions of the
dam-break wave with a light, highly mobile bed material. This results in high-intensity
sediment transport, moving as sheet flow and debris flow. These modes of transport
occur in conjunction with fast flows, and are most likely to be encountered in situations
such as flash floods, mountain landslides and surf zone waves. They have been the
subject of much recent research (see e.g. Dick & Sleath 1991; Takahashi 1991; Asano
1995; Sumer et al. 1996). New possibilities for the experimental characterization of
these modes of transport are offered by imaging methods. The present research uses
tracking techniques to obtain a whole-field characterization of the grain motions,
from which estimates of the instantaneous sediment transport across arbitrary cross-
sections can be derived.

In this study, we seek to understand the above mentioned processes in reference
to shallow-water theory, extended to encompass non-equilibrium, high-intensity sed-
iment transport. This involves coupling the Saint-Venant equations with a bed-level
evolution equation, as well as with an advection-reaction equation accounting for the
sediment transport and the non-equilibrium mass exchange between sediment bed
and sediment-laden flow. Both mathematical implications and physical interpreta-
tions of the theory are analysed in relation to the dam-break wave over granular bed
problem.

The paper is organized as follows. Section 2 covers the theoretical framework,
including governing equations, constitutive relations and numerical method of solu-
tion. Section 3 details the experimental apparatus, analysis techniques and observed
results. The laboratory measurements are compared in §4 with numerical solutions.
Finally, the flow features are interpreted in §5 from the standpoint of the theory of
characteristics.
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Figure 1. Idealized dam-break wave over a granular bed: sketch of the initial conditions.

2. Mathematical formulation
2.1. Governing equations

We consider the following shallow-water, non-equilibrium transport formulation. In
conservation form and dimensional variables, vertically averaged evolution equations
are written

∂H

∂T
+
∂(HV )

∂X
= −∂Zb

∂T
, (2.1a)

∂(ρHV )

∂T
+
∂(ρHV 2 + 1

2
ρgH2)

∂X
= −ρgH ∂Zb

∂X
− τb, (2.1b)

∂HB

∂T
+
∂(HBVB)

∂X
=

1

TbB
(Heq

B −HB) = NbB, (2.1c)

∂Zb

∂T
= − 1

cb
NbB. (2.1d)

In the above equations, T = time; X = distance; H = flow depth; V = vertically
averaged horizontal velocity; suffices b and B respectively refer to the motionless
bed and the moving bed material; Zb = bed elevation; τb = bed shear stress;
ρ = ρw

(
1 + (s−1)HB/H

)
= density of the water–sediment mixture, with ρw = density

of water, ρs = sediment density, and s = ρs/ρw = specific gravity of sediment grains;
HB = sediment load, i.e. volume of moving bed material per unit bed surface; Heq

B =
sediment load under steady uniform equilibrium conditions; VB = mean velocity
of the moving sediment load; NbB = rate of sediment exchange between bed and
flow, i.e. net volume of bed material transferred to the flow per unit time and unit
bed surface; g = acceleration due to gravity; TbB = relaxation time associated with
sediment exchange between bed and flow; cb = volume concentration of sediment in
the undisturbed bed.

Corresponding initial conditions for the dam-break case (see figure 1) are given by

H(X, 0−) =

{
H0, X 6 0
0, X > 0,

(2.2a)

V (X, 0−) = 0, X 6 0, (2.2b)

HB(X, 0−) = 0, Zb(X, 0
−) = 0, (2.2c,d )

where H0 is the initial depth of quiescent water upstream of the dam. As the initial
conditions extend infinitely, we have a pure initial value problem which does not
require specification of boundary conditions.
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A system of equations similar to (2.1) has been given by Phillips & Sutherland (1989)
in one-dimensional, non-conservative form, and by Takahashi & Nakagawa (1994)
in depth-averaged, horizontal two-dimensional form. Equations (2.1a) and (2.1b) are
the vertically averaged shallow-water (Saint-Venant) equations written for the water–
sediment mixture. The additional source term ∂Zb/∂T in (2.1a) accounts for volume
transfer between bed and flow. In contrast with Takahashi & Nakagawa (1994),
the non-homogeneous density of the water–sediment mixture has been taken into
account in (2.1b). Due to the high-intensity solid transport and the strong sediment
concentration gradients, the influence of density variations on the momentum balance
of the flow is significant in the present case. Vertical accelerations as well as velocity
variations over a vertical have been neglected and the usual (long wave) shallow-water
hypothesis is considered valid (see Stoker 1957; Whitham 1974).

Volume conservation of bed material is divided into two components. The advection-
reaction equation (2.1c) governs the evolution of the volume of particles moving with
the flow, while equation (2.1d) describes the evolution of the volume of non-moving
bed particles. Combining (2.1c) and (2.1d) results in the Exner equation expressing
global conservation of sediment. The rate of sediment exchange between bed and
flow NbB is assumed proportional to the difference between the actual instantaneous
sediment load and the equilibrium sediment load under corresponding uniform flow
conditions. This constitutes a non-equilibrium relationship (Einstein 1920) of a form
widely used in non-equilibrium thermodynamics (see Reif 1965) and multiphase flow
(Bauer, Houdayer & Sureau 1976), where it can be derived using boundary layer
or statistical arguments. Based upon the stochastic bedload description of Einstein
(1950), Tsubaki & Saito (1967) appear to be the first investigators to have applied
the concept to sediment transport (see also Phillips & Sutherland 1989).

The evolution equations constitute a hyperbolic system of conservation laws of a
kind widely encountered in mathematical physics (see Kevorkian 1990). The theory of
characteristics constitutes a powerful tool for their interpretation and solution (for a
classical presentation, see Stoker 1957; a recent account is given by Liggett 1994). Due
to their hyperbolic nature, the partial differential equations can be transformed into
a set of ordinary differential equations, or compatibility equations, to be integrated
along characteristic paths. In our case, these characteristic paths are defined by

Λ+ :
dX

dT
= V + (gH)1/2, (2.3a)

Λ− :
dX

dT
= V − (gH)1/2, (2.3b)

ΛB :
dX

dT
= VB, (2.3c)

Λb :
dX

dT
= 0. (2.3d)

In writing (2.3a) and (2.3b), we have neglected the effects of non-homogeneous density,
so that the corresponding characteristics are identical to the rigid bed case.

The characteristics lend themselves well to physical interpretation. The first two
families of characteristics Λ+ and Λ− represent the propagation of small hydrody-
namic disturbances ahead of the current and against it respectively. Characteristics
of the ΛB family associated with the advective sediment transport are simply the
pathlines of moving grains. Finally, family Λb corresponds to bed elevation change.
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The vertical trajectories of Λb in the (X,T )-plane reflect the slow propagation of bed
disturbances in comparison with their hydrodynamic counterparts.

A physically significant property of hyperbolic systems lies in the possible devel-
opment of discontinuous solutions. These mathematical discontinuities, or shocks,
form where characteristic paths of the same family intersect (see e.g. Abbott 1979). In
such an event, partial differential equations (2.1) no longer apply, and instead shock
(Rankine–Hugoniot) relations must be enforced. Excluding discontinuities in the bed
profile, the relations are written

a =
∆(HV )

∆H
, a =

∆(ρHV 2 + 1
2
ρgH2)

∆(ρHV )
, a =

∆(HBVB)

∆HB

, (2.4a,b,c)

where a is the propagation velocity of the discontinuity. The general problem of
describing the evolution of the flow–bed system is thus one of constructing weak
solutions to system (2.1), i.e. solutions complying with (2.1) over smooth regions, and
respecting shock conditions (2.4) across discontinuities.

The evolution equations (2.1) can be non-dimensionalized as follows. Initial depth
H0 is chosen as a characteristic dimension for the flow. Dimensionless variables can
be defined according to Froude similarity as

t =
( g
H0

)1/2

T , x =
X

H0

, h =
H

H0

, v =
V

(gH0)1/2
, (2.5a–d )

hB =
HB

H0

, vB =
VB

(gH0)1/2
, zb =

Zb

H0

, r =
ρ

ρw
. (2.5e–h)

System (2.1) can then be cast in the following dimensionless form:

∂h

∂t
+
∂(hv)

∂x
= −∂zb

∂t
, (2.6a)

∂(rhv)

∂t
+
∂(rhv2 + 1

2
rh2)

∂x
= −rh∂zb

∂x
− µhB, (2.6b)

∂hB

∂t
+
∂(hBvB)

∂x
=
κ

v
(εv2 − hB) = nbB, (2.6c)

∂zb

∂t
= −nbB

cb
, (2.6d)

where we have introduced the three non-dimensional parameters

µ =
τb

ρwgHB

, κ =
V

gTbB
ε =

H
eq
B

V 2/g
, (2.7a,b,c)

which can be interpreted respectively as bed friction, sediment exchange and sediment
mobility coefficients. Choice of these parameters will be justified in §2.2 below where
we derive scaling laws for the constitutive relations.

2.2. Scaling of the constitutive relations

Closure of the governing equations (2.1) requires the additional specification of consti-
tutive relations. These are to relate Heq

B , VB , τb and TbB to bed material characteristics
and local hydrodynamic conditions. At the moderate rates of transport commonly
encountered in sediment transport studies, a key role in this respect is often assigned
to the Shields number

Ψ =
τb

ρwg(s− 1)D
. (2.8)
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The Shields number normalizes the bed shear stress with respect to the grain size D
and the sediment specific gravity s, and usually serves as argument of a functional
relationship which allows prediction of the sediment transport rate. For the high rates
of transport associated with sheet and debris flow conditions, however, the bed shear
stress τb and therefore the Shields number are themselves dependent on the intensity
of sediment transport, inducing a cumbersome feedback in the relationships. Hence,
following Asano (1995), we prefer to resort to the mobility number

Θ =
1
2
V 2

g(s− 1)D
(2.9)

expressed directly in terms of vertically-averaged velocity V .
A normalized equilibrium sediment transport rate defined after Einstein (1950) as

Φeq =
H

eq
B VB(

g(s− 1)D3
)1/2

(2.10)

is shown by Asano (1995) to scale well with the mobility number according to

Φeq ∝ Θ3/2. (2.11)

This is consistent with the report by Ribberink & Al-Salem (1990) that the sediment
transport rate under sheet-flow conditions shows a distinct linear relationship with
the third power of the main stream velocity amplitude.

Bed shear stress can be split into two components (Bagnold 1954; see also Fredsøe
& Deigaard 1992) according to

τb = τbB + τ′ (2.12)

where τbB is due to collisions between grains, and τ′ is the residual stress due
to momentum transfer within the interstitial fluid, negligible if particles are closely
packed. In the present case of sheet- and debris-flow sediment transport, intergranular
contacts provide the dominant mechanism of support for the solid phase. For an
essentially horizontal flow, the submerged weight of moving particles above bottom
level Zb must therefore be in equilibrium with an intergranular normal stress σbB
(Bagnold 1956; Nnadi & Wilson 1992), according to

σbB = ρwg(s− 1)HB. (2.13)

The existence of such a normal stress was demonstrated by Bagnold (1954), who
proposed describing it as a dispersive pressure due to interparticle collisions within
the rapidly sheared medium. In addition, Bagnold showed the grain shear stress to
be proportional to the normal stress following

τbB = tan α σbB, (2.14)

where α can be viewed as a dynamic friction angle and tan α has an experimental
value of 0.32 in the high-speed (grain-inertia) range. From (2.12), (2.13) and (2.14),
and neglecting τ′, we obtain for τb the relation

τb = tan α ρwg(s− 1)HB, (2.15)

in which bed resistance is linked to the solid load HB . Non-dimensional friction factor
µ is therefore related to Bagnold’s dynamic friction angle according to

µ = tan α (s− 1). (2.16)
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At low rates of transport, the mean velocity of the moving grains VB should be
less than the mean flow velocity. At the very high rates which characterize the tip
of a debris flow, however, the two are expected to become equal (this is verified in
§3.3 where the experimental results are analysed). Since the influence of the wave tip
dominates the overall transport process in the dam-break wave case, in this study we
simply consider the identity

VB = V . (2.17)

For bedload transport close to threshold conditions and in the case of erosion of
the channel bed, the relaxation time TbB has been found by investigators (Fernandez-
Luque & van Beek 1976; Phillips & Sutherland 1989) to vary as

TbB =
`

VB
, (2.18)

where ` is a relaxation length proportional to grain diameter D. Under assumptions
valid for low rates of transport with individual grains moving in a succession of
irregular discrete steps, ` represents the mean length travelled by a particle in a single
trajectory before it comes to rest. At the high rates of transport of sheet and debris
flow, however, we expect this relaxation length to scale instead with the equilibrium
thickness of the sheet layer δeq

B . This thickness is shown by Wilson (1987) to be related
to the Shields number according to

δ
eq
B

D
∝ Ψ. (2.19)

Since roughness velocity approximately varies linearly with main stream velocity, a
similar scaling is obtained in terms of mobility number as

δ
eq
B

D
∝ Θ. (2.20)

We therefore obtain for TbB the scaling

TbB ∝
ΘD

VB
∝ V

g(s− 1)
. (2.21)

This is identical in form (with the mobility number replacing the Shields number) to
the lag relationship given by Phillips & Sutherland (1989) and resulting from Yalin’s
(1972) estimate of the average step length of grains as ` ∝ ΨD.

In terms of dimensionless coefficients µ, κ and ε, the scalings can be rewritten

µ ∝ (s− 1), κ ∝ (s− 1), ε ∝ (s− 1)−1. (2.22a,b,c)

Thus under high-intensity transport, the equations governing the dam-break wave
over a granular bed, when scaled according to Froude similarity, are independent of
the roughness ratio D/H0. In other words the relative size of the sediment grains is
expected to exert only a minor influence on the behaviour of the two-phase flow.
Submerged weight represented by the difference (s − 1), by contrast, constitutes a
key factor. In particular, specific gravity s controls the mobility of the bed material.
Choice of a light sediment is therefore an effective way of magnifying the effects of
flow–bed interaction.

2.3. Numerical method

Different numerical methods exist which can be used to solve hyperbolic systems
of conservation laws. The scheme adopted in the present study is a generalization
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(Capart 1996) of an explicit finite difference algorithm originally developed by Braschi
& Gallati (1992) for shallow water flow over a rigid bed. It is part of the family of up-
wind schemes which, building upon the work of Lax (1954), have been devised to auto-
matically capture propagating shocks (for a review, see Harten, Lax & van Leer 1983).

The evolution equations in forms (2.1) or (2.6) can be written in vector form

∂U

∂T
+
∂F (U )

∂X
= S(U ), (2.23)

where U , F and S can respectively be interpreted as density, flux and source terms.
The key statement of the numerical algorithm is then

U
j+1
i = U

j
i +

∆T

∆X

(
F∗i−1/2 − F∗i+1/2

)
+ ∆T Si, (2.24)

in which indice i denotes one of the cells of the spatial discretization, indices i− 1/2
and i+ 1/2 refer to the upstream and downstream boundaries of the cell, and indices
j and j + 1 denote values of the variables at times T and T + ∆T . Flux terms F∗ are
to be predicted from the known values of the density and source terms at time T . In
the present mobile bed extension, this is achieved by solving simplified compatibility
equations along approximated characteristic paths. Accordingly, a physically sound
signal propagation is guaranteed. The scheme can thus accommodate both subcritical
and supercritical regimes of flow as well as regime transitions.

The dry bed at the tip of the wave is not considered a moving boundary. Rather,
a small fictitious depth (= H0/1000) is imposed in the region downstream from the
dam. Simulations end before the negative and positive waves reach the upstream
or downstream limits of the computational domain, so that no special treatment of
boundary conditions is required.

Stability of the explicit scheme is subject to the Courant–Friedrichs–Lewy (CFL)
condition expressed by

Cr =
max
i

(
Vi + (gHi)

1/2
)

∆X/∆T
< 1, (2.25)

where Cr is the Courant number. The complete scheme was tested on a number of
benchmark tests and found to produce accurate, well-behaved solutions.

3. Experiments
3.1. Physical set-up and instrumentation

A 12 m long, 70 cm high, and 20 cm wide flume was employed for the experiments.
Light artificial pearls of uniform size were selected as bed particles with the objective
of obtaining a moving layer as thick as possible and particle motions that could be
reliably tracked on digital images. Particle characteristics are as follows: diameter D =
6.1 mm, specific gravity s = 1.048, and fall velocity in water (at 23◦C) ω = 7.6 cm s−1.

The mobile bed reach covered by the measurements was 1.20 m long, with a
particle layer 6 cm deep. These dimensions were chosen to allow the dam-break wave
and scour hole to develop unconstrained over a sufficient length of time. Volumetric
sediment concentration of the undisturbed bed was estimated as cb = 0.4. To prevent
bottom slippage, a metal mesh with mesh size approximately equal to the diameter
of the particles was placed under the mobile layer.
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(a) (b)

Figure 2. Experimental set-up: (a) camera and lighting configuration; (b) top view of the flume,
sluice gate and particle bed.

A Perspex sluice gate with flexible lateral and bottom joints was used as the
idealized dam. Special care was taken to adjust the joints in order to prevent small
water leaks from causing seepage, hence disrupting the downstream granular bed.
For each run, water was introduced downstream from the gate up to the bed level
and upstream up to the desired water depth. The granular bed was profiled to define
a horizontal surface on both sides. The gate was then rapidly raised (within 50 ms)
by a system of springs, and the resulting two-phase flow was observed. A photograph
of the physical set-up is shown on figure 2.

The flow was filmed from the side through the flume’s transparent walls with lighting
provided by two 500 W projectors. The image acquisition system was composed of a
charge-coupled device (CCD) camera linked to a PC-controlled frame grabber board.
Images were acquired at a rate of 100 frames per second and have a resolution of 256
× 256 pixels × 256 levels of grey. To obtain a suitable level of detail, only a limited
viewing window could be filmed for each run. Experiments were thus repeated a
number of times with different camera positions in order to recompose the evolution
of the entire flow field (see figure 2a).

3.2. Digital image analysis

In the present work, image analysis is used both to trace the free-surface evolution and
to track the motion of individual grains. The two measurement types were pioneered
early. Dressler (1954) used motion picture photography to capture the free-surface
evolution of the dam-break wave over rigid bed. Fernandez-Luque & van Beek (1976)
and Nakagawa, Tsujimoto & Miyamoto (1978) analysed film sequences in order
to characterize bedload sediment transport. New methods have arisen in the wake
of recent progress in digital sensor technology and image processing techniques. A
general review of particle-imaging methods is given by Adrian (1991), while recent
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examples of sediment transport studies involving digital imaging techniques are found
in Nakagawa, Tsujimoto & Gotoh (1992), Lee & Hsu (1994) and Adriaens & van
Rillaer (1996).

High-intensity sediment transport poses two specific challenges to digital imaging
techniques. First, analysis is hindered by a non-uniform dispersion of particles pre-
senting regions of very dense packing. Secondly, the concentrations as well as the
velocities of the moving sediment grains are to be extracted from the images. Special
techniques were therefore used. The analysis procedure involves the following steps:
(i) identification of the particles; (ii) tracking, or matching of particles between succes-
sive frames; (iii) construction of velocity and concentration field representations; and
(iv) extraction of aggregate measurements from the field representations. As they are
detailed elsewhere (Capart et al. 1997), these steps are only briefly introduced here.

Identification of the particles (with diameters corresponding to approximately 5
pixels on the digital images) was carried out by taking advantage of their spherical
shape. A local mask was applied to highlight the regions of maximum radial symmetry
with peaks corresponding to particle centroids. The method was found to reliably
and exclusively identify particles even when the illumination was not entirely uniform
within the imaging window. While more elaborate algorithms exist (see e.g. Jähne
1991; Jain, Kasturi & Schunck 1995), the matching of particles from one image to
the next was performed in this study using a first-order predictor-corrector procedure.
This relatively simple method required manual supervision in regions of steeper
velocity gradients.

Sediment concentration was estimated from the particle positions identified on the
images. Transformation from a discrete set of positions to a continuous concentration
field was achieved by applying the following procedure. A triangular mesh is first
constructed and optimized with nodes located at particle centres. A surface density
η is then obtained by assigning one half-particle to the surface of each triangle. If
the mesh is considered to be a set of constant elements, this method presents the
desirable property of preserving exact conservation, i.e. integrating the density over
the whole surface yields the original number of particles identified on the image. This
surface concentration (= a number of particles per unit surface) is transformed into
volumetric concentration c by applying a relation inspired by Bagnold (1954):

c

c0

=
( η
η0

)3/2

, (3.1)

where c0 = π/3
√

2 ≈ 0.74 and η0 =
√

2/D2 correspond, via elementary geometrical
considerations, to the tetrahedral-rectangular piling of perfect spheres of uniform
diameter D (i.e. the arrangement which yields the maximum packing). Relationship
(3.1) is strictly valid only in the limit of high grain concentration when the distance
between particles becomes close to their diameter. It is a reasonable approximation for
the present experiments because the dominant transport occurs in very dense modes.

Likewise, measured velocity vectors are assigned to the mesh nodes. Aggregate
measurements are then easily derived from the velocity and concentration fields. In
particular, the instantaneous sediment transport rate (per unit width) at any cross-
section is obtained by vertically integrating the product of grain concentration and
horizontal velocity. Results obtained using the above methods were subjected to
various validation tests detailed in Capart & Young (1997). Despite the inherently
random behaviour of the particles, the measurements for the sediment fluxes were
found to be reproducible and consistent with conservation constraints.



Dam-break wave over a granular bed 175

(a) (b)

(c)

Figure 3. Selected digital frames for wave of initial depth H0 = 10 cm: (a) dimensionless time
t = 1; (b) t = 2; (c) t = 4. For spatial references, see figure 4.

3.3. Results and discussion

Figure 3 presents composites of digital images obtained for the dam-break wave of
initial depth H0 = 10 cm at non-dimensional times t = 1, 2 and 4. The white particles
contrast well against the dark surrounding water in the images, and the free surface
is easily discerned from the back-illumination grid. Corresponding particle velocity
fields and free surface profiles are given in figure 4. For reference, the initial gate
position, bed profile and water surface are shown in dashed lines.

Convective transport of the bed material is clearly depicted. As the dam-break
wave develops, bed particles are lifted by the flow and carried downstream. The most
severe grain entrainment occurs in the vicinity of the original dam (located at X = 0)
where the formation of a scour hole results. Material eroded in this way is transported
with highest intensity near the fast moving wave front, with densely packed grains
occupying the whole flow depth. The mechanism of sediment transport thus evolves
from sheet flow upstream to fully developed debris flow towards the wave tip.

The forefront of the dam-break wave behaves as a typical debris flow (Hirano &
Iwamoto 1981; Suwa 1988; see also Takahashi 1991). Under the combined effects of
bed resistance and incorporation of bed material into the flow, the free surface steepens
at the wave tip. Intense grain–grain interactions, which provide the mechanism of
support for the moving sediment, are also highly effective in redistributing horizontal
momentum over depth. This translates into particle velocity profiles that become
increasingly uniform towards the front of the wave. The net result is a nearly vertical
wall of water and debris which overruns the granular bed.

The most striking feature of the flow shown on figures 4 and 5 is the formation
of a hydraulic jump near the wave centre (at the initial location of the dam). A
rapidly varied free surface, along with near-surface turbulence and irregular waves
radiating energy downstream (Benjamin & Lighthill 1954), are conspicuous jump
characteristics. They can be linked (see Longuet-Higgins 1992; Lin & Rockwell 1995)
to an injection of vorticity into the flow as a result of the strong curvature of the
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Figure 4. Evolution of the free-surface profile and particle velocity field for wave of initial depth
H0 = 10 cm: (a) dimensionless time t = 1; (b) t = 2; (c) t = 4; - - - - -, initial gate position, bed
profile and water surface.

air–water interface. A group of particles is observed to be temporarily held captive
within the jump recirculation zone. The gradual growth and enduring character of
the jump feature make it highly unlikely that it constitutes a mere artefact produced
by the opening of the gate.

Figure 5 presents the acquired flow fields for the three different initial depths
H0 = 5, 10 and 15 cm. The figures are scaled according to Froude similarity and are
shown at the same non-dimensional time t = 2. Despite differences in the local flow
structure, the observed phenomena exhibit a high degree of similarity in accordance
with the analysis of §2.2. This can also be verified on figure 6, which plots the wave
front trajectory in the non-dimensional (x, t)-plane for the three initial depths. The
trajectory measurements fall on roughly the same curve for the three different initial
depths. The outcome is (fortuitously) quite close to the experimental results obtained
by Dressler (1954) for a dam-break wave of initial depth H0 = 11 cm released over
a very rough rigid bed (roughness elements composed of wooden sticks of square
cross-section, 0.25 inch per side, placed transversely across the channel floor every
inch). In the rigid bed case, the phenomena show a stronger dependence on the
relative roughness (equivalent roughness over initial depth), as clearly exhibited in
Dressler’s results for different initial depths.

The theoretical assumptions can now be more precisely qualified. The highly
uniform velocity profiles observed at the wave front validate our earlier statement
that the average velocity of particles VB at the wave tip can be taken equal to the
vertically averaged velocity of the flow. In the upstream sheet-flow region, however, it is
at best an approximation. The two-dimensional character of the flow is approximately
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Figure 5. Free-surface profile and particle velocity field at dimensionless time t = 2: (a) initial
depth H0 = 5 cm; (b) H0 = 10 cm; (c) H0 = 15 cm; - - - - -, initial gate position, bed profile and
water surface.

verified. Limited non-uniformity of the transverse velocity profile due to sidewall
effects was apparent at the wavefront, where centreline particles had velocities around
20% in excess of velocities observed near the wall. Most seriously, since the free-
surface radius of curvature and scour hole length are in some regions of the same
order as the flow depth, we expect the long-wave hypothesis to be applicable only in
first approximation.

4. Comparison of numerical and experimental results
Solutions corresponding to the conditions of our experiments were obtained using

the numerical scheme of §2.3. Adopting Bagnold’s value of 0.32 for the dynamic fric-
tion factor tan α, two parameters are left to be calibrated. Non-dimensional sediment
exchange and sediment mobility coefficients κ and ε were obtained by least squares fit
from the measured sediment transport rates. Solutions are most sensitive to ε, while
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Figure 6. Experimental wavefront trajectories over rigid bed (Dressler 1954): ——, H0 = 5.5 cm;
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Figure 7. Sediment transport rates at various cross-sections for wave of initial depth H0 = 10 cm:
(a) X = −10 cm; (b) X = 0; (c) X = 10 cm; (d) X = 20 cm; (e) X = 30 cm; —�—, measured; ——,
computed.

κ exerts less influence on the results. The obtained calibrated values are

κ = 1.0, ε = 0.4. (4.1a,b)

For the computational results presented below, we adopted a spatial discretization of
∆X = H0/25 and a Courant number Cr = 0.85.

Experimental data and numerical solutions describing the sediment transport pro-
cess can first be compared. Measured and computed results for the time evolution
of the sediment transport rate are reported on figure 7. Data are given for selected
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cross-sections along the flume and pertain to the dam-break wave of initial depth
H0 = 10 cm. The non-equilibrium sediment transport rates evaluated according to
our simple relaxation relation agree reasonably well with the measurements. Maxi-
mum transport for each downstream cross-section is observed at the passage of the
wavefront. However the front must travel a finite distance (≈ 20 cm) before seeing its
sediment transport rate level off to its overall maximum value, and then decrease as
frictional effects decelerate the wave. Ultimately, all sediment discharge hydrographs
converge towards a common asymptote. This behaviour is described in a very similar
way by the experimental and numerical results.

Various effects which are not included in the theoretical description can account for
the slight discrepancies observed between the measured and computed sediment trans-
port hydrographs. At cross-section X = −10 cm (figure 7a), pick-up of sediment oc-
curs sooner than predicted by the computations. This is probably linked to the fact that
the physical negative wave recedes upstream faster than the shallow-water description
would indicate. This discrepancy is observed as well over a rigid bed, as shown by the
profiles of figure 9. Also, a transient fluidization effect associated with the rapid drop
in hydrostatic pressure experienced upstream at small times (Foda et al. 1997) could
mobilize sediment before the shearing motion takes over as pick-up mechanism. At
X = 0 (figure 7b), the measurements exhibit a salient peak which is not described by
the computations. Examination of the images shows that this peak is simply due to
the raising of the gate, with particles rushing in to fill the resulting void. At locations
X = 10 and X = 20 cm, the peaks in sediment transport are underpredicted, as could
be expected since vertical components of velocity are significant at those locations (see
figure 4) and make sediment pick-up more severe. Finally, good agreement is obtained
at section X = 30 cm, where the assumptions of the model are most closely met. In
particular, as shown in figure 4(c), velocities are nearly horizontal in that region.

Sequences of free-surface and bed profiles are presented on figure 8. Measured
profiles are given for the free surface, but not for the bed profiles since the distinct
boundary between stationary bed and moving grains postulated by the theoretical
approach corresponds in reality to a gradient region of varying particle packing and
velocity through which drawing a line would be somewhat arbitrary. An approximate
comparison can however be made by referring to figure 4. The overall profiles
compare reasonably well with the experimental observations. Processes such as scour
hole development, propagation of the steep wavefront and formation of the hydraulic
jump are well described by the numerical solutions. As is common for computational
results of shock-capturing schemes, the jump variation of the free surface is spread
over a few grid points only. The physical jump, in contrast, extends over a length
corresponding approximately to the flow depth.

In order to allow comparison between the sediment-bed case and the rigid-bed
case, an equivalent sequence of surface profiles is shown in figure 9 for the dam-break
wave over a smooth rigid bed. In that case, both theoretical and experimental profiles
exhibit a purely monotonic decrease in height from the maximum in the undisturbed
region to zero at the tip. On the whole, the contrasting features exhibited in figures 8
and 9 by dam-break waves over a movable granular bed and over a rigid bottom
appear accurately predicted by the present model.

The detailed profiles, however, present significant deviations which we attribute
mainly to limitations of the shallow-water description. At small times, vertical ac-
celerations associated with the draw-down of the upstream water surface lead to
discrepancies which are very similar in the sediment-bed and rigid-bed cases, whereby
the edge of the negative wave recedes faster upstream than predicted by the shallow-
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Figure 8. Surface profiles for the dam-break wave over movable granular bed (initial depth
H0 = 10 cm): (a) dimensionless time t = 1; (b) t = 2; (c) t = 3; (d) t = 4; - - - - -, measured
free-surface profile; ——, computed free-surface and sediment bed profiles.

water theory. The sharp corner exhibited by the exact analytical solution is also
rapidly smoothed out in the experimental profiles, presumably because of surface
tension effects (Dressler 1954), and to a lesser extent in the computational solutions.
From figure 9, it should be noted that the differences between theoretical and experi-
mental results are much more important than the differences between computational
and exact analytical solutions, indicating that the observed deviations arise mainly
from approximations in the physical description, rather than from limitations of the
numerical scheme. As analysed by Peregrine (1966), vertical accelerations cause the
pressure field to depart from the assumed hydrostatic distribution. As a result, extra
horizontal pressure gradients develop which lead to local deviations of the water
profile from shallow-water solutions. The discrepancies observed in figures 8 and 9
appear consistent with this mechanism.

Over a granular bed, additional vertical accelerations are due, on the one hand, to
the scour hole profile of the sediment bed, imprinting its curvature on the flow above,
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Figure 9. Surface profiles for the dam-break wave over smooth rigid bed: (a) dimensionless time
t = 1; (b) t = 2; (c) t = 3; (d) t = 4; - - - - -, measured free-surface profile obtained by Dressler (1954)
for a wave of initial depth H0 = 22 cm over a smooth wood flooring; ——, computed free-surface
profile and horizontal bed level; — — —, exact analytical solution for a wave over a frictionless
bed (see Stoker 1957).

and on the other hand, to the rapidly varying surface associated with the hydraulic
jump. This is probably the main reason why significant deviations are obtained
for the amplitude and position of the hydraulic jump. As depicted in figure 8, the
computed jump rapidly migrates upstream, whereas the observed one remains longer
in the vicinity of the wave centre (at the original dam position). In contrast, better
agreement is obtained for the front of the wave, both in trajectory and in profile.
This is particularly the case at later times, when velocities are closer to horizontal at
the wave tip (compare figures 8d and 4c). Further details concerning the jump and
wavefront trajectories are provided below in §5, where an interpretation of the jump
formation utilizing the theory of characteristics is also proposed.

5. Characteristics interpretation of the jump formation
Over a rigid horizontal bed, when resistance is neglected, the dam-break solution

is a well known centred simple wave (Stoker 1948). A negative perturbation recedes
upstream while a forward wavefront advances over the bed. Characteristic paths of
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Figure 10. Pattern of hydrodynamic characteristics: (a) rigid, frictionless bed; (b) rigid bed with
friction (after Dressler 1952); (c) mobile granular bed; - - - - -, along-current characteristics Λ+; ——,
counter-current characteristics Λ−; ————, wavefront path and hydraulic jump trajectory.

the counter-current Λ− family form a fan of straight rays having a common origin at
the dam position (figure 10a). Resistance causes the Λ− characteristic rays to bend in
an upstream oriented curvature (Dressler 1952). The wavefront is then transformed
from a double characteristic curve into an envelope of characteristics. Counter-current
Λ− characteristics branch out from the wavefront envelope as continuations of the
along-current Λ+ characteristics which join the envelope tangentially. This pattern is
shown on figure 10(b).

For the dam-break wave over a granular bed, the edge of the negative wave
recedes upstream exactly as over a rigid bed. The trajectory of the forward wavefront,
however, is modified. The added inertia contributed by the eroded bed material and
pore water combines with friction to decelerate the wavefront. For high-intensity
transport, the inertial effects dominate and make the bending of characteristic rays
very prominent at the wavefront.

Most notably, new effects arise due to bed deformation. Additional bending of
the characteristics occurs due to gravity effects induced by the scour hole profile
of the bed. The downstream adverse slope bends counter-current Λ− characteristics
even further upstream, while the upstream positive slope bends characteristics in the
opposite direction, resulting in downstream oriented curvature. The net consequence
is that characteristics of the Λ− family now meet to form a secondary shock wave. A
‘choking’ of the flow therefore results near the wave centre. This conjecture for the
mobile bed pattern of characteristics is shown on figure 10(c).
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Figure 11. Paths of the hydrodynamic characteristics computed from numerical solutions: - - - - -,
along-current characteristics Λ+; ——, counter-current characteristics Λ−; ————, wavefront path and
hydraulic jump trajectory.

For verification, the numerical results were used to plot the hydrodynamic charac-
teristic paths Λ+ and Λ− for the dam-break wave over a granular bed. This is shown
on figure 11 to confirm the expected pattern. The hydrodynamic counter-current char-
acteristics Λ− are observed intersecting a shock path which coincides with the locus
of the jump observed in the numerical free-surface profiles. The shock can now be
understood more clearly as the result of significant bending of the Λ− characteristics.
The bending results from the effects of resistance and added inertia, as well as from
slope effects due to scour hole development. The jump formation is thus shown to
involve a strong interaction between the hydrodynamics of the dam-break wave and
the morphodynamics of the granular bed.

Figure 12 shows the paths of the hydraulic jump and forward wavefront in the
non-dimensional (x, t)-plane, in comparison with the experimental results. The jump
location reference on the image sequences was fixed at the base of the jump, i.e. the
local minimum in water surface level. In both the numerical and experimental results,
the shock initially appears essentially stationary, remaining near the wave centre. This
translates into a roughly vertical tangent at the origin of the (x, t)-plane. The jump then
migrates upstream with accelerating celerity. Qualitatively, good agreement is found.
Quantitatively, the trajectories correspond well for the wave of initial depthH0 = 5 cm,
but deviate somewhat for the other initial depths. Agreement is much better for the
wavefront path, which fits closely the measurements regardless of initial depth H0.
Overall, the comparison lends confidence to our interpretation of the jump formation.

It is likely that the jump path constitutes one of the features that is most sensitive
to limitations in the physical description of the flow. This appears to be the case
more generally, beyond the present dam-break over a movable bed. In recent purely
hydrodynamic benchmark tests performed for a dam-break wave propagating through
a channel bend (CADAM 1998†), for instance, the most severe discrepancies and
dispersion of results also arose in the description of a travelling hydraulic jump.

† Concerted Action on Dam-break Modelling (CADAM) is an EC funded Concerted Action
Programme looking at dam-break modelling and application. Among other matters, the programme
involves the comparison of numerical dam-break models and modelling procedures with analytical,
experimental and field data.
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Figure 12. Forward wavefront and hydraulic jump paths in the (x, t)-plane: ◦, measurements for
wave of initial depth H0 = 5 cm; �, H0 = 10 cm; 4, H0 = 15 cm; ——, computations.

6. Summary and conclusions
The findings of the present study can be summarized as follows. First and foremost,

the experimental and numerical results highlight a feature which strongly differentiates
the dam-break wave over an erodible bed from its rigid bed equivalent. Over a granular
bed, it was shown, the free surface breaks backward and a hydraulic jump forms near
the wave centre.

The process involves a strong coupling between the hydrodynamics and morpho-
dynamics of the flow–bed system, whereby the wave provokes an intense entrainment
of material from the bed and the latter influences the flow in return through added
inertia and gravity effects. The flow thus ‘chokes’ over a scour hole which it carves
out beneath itself. From the standpoint of shallow-water theory, the jump forma-
tion can be interpreted as the result of bending and intersection of counter-current
hydrodynamic characteristics.

Digital imaging was used to provide a detailed visualization of the system evolution,
as well as obtain measurements for the free-surface profile, granular velocity field,
and sediment transport rates. On the theoretical side, a vertically-averaged, non-
equilibrium transport mathematical model was shown to successfully capture the main
features of the flow. At the price of two calibration parameters pertaining exclusively
to the transport process, reasonable quantitative agreement between measurements
and numerical results was obtained. Rather encouraging is the fact that processes as
diverse as non-equilibrium sheet and debris flow, scour hole development, wavefront
propagation and jump formation could be described within a unified, relatively simple
framework. Significant discrepancies were nonetheless recorded, and ascribed mainly
to limitations of the shallow-water assumption.

As the transport intensity, depth of the scour hole, and strength of the shock vary
primarily with the mobility of the bed material, the jump feature should not be as
well defined over a natural sediment as over the light artificial particles used in the
present experiments. Even low in magnitude, however, the jump is bound to challenge
the limits of models. It is therefore important that frameworks adopted to handle fast
shallow-water flows over mobile beds be robust enough to withstand the emergence
of shocks.
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Limitations of the theoretical description adopted in this study are twofold. First,
no attempt was made to ground the empirical scalings on a detailed microscopic
description of the intergranular contacts and fluid–grain interactions, such as could
be provided by the recent advances of kinetic and microstructural theories (see the
reviews of Campbell 1990, and Koenders 1997). Efforts to overcome this limitation
should gain from the methods developed in the neighbouring field of non-equilibrium
thermodynamics (see e.g. Dedeurwaerdere et al. 1996), possibly along the lines of the
continuum thermodynamical approach applied to debris flow by Hutter, Svendsen &
Rickenmann (1996).

A second restriction is due to the long-wave approximation underlying the theoret-
ical approach. The adopted shallow-water description accounts for neither the effects
of vertical accelerations nor those linked to the vertical structure of the flow (i.e. the
distributions of velocities, granular concentrations and stresses over a vertical). With-
out resorting to a truly multidimensional description, the extension of shallow-water
theory to moderately shallow flows (see Steffler & Jin 1993) could prove a useful
strategy to make progress in this respect.

Finally, such endeavours should benefit much from a close interaction with exper-
imental research, exploiting in particular the current developments in measurement
techniques. These various points are considered for future work.
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